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Abstract
A modular rule-based argumentation system is proposed to represent and reason
upon conditional norms featuring obligations, prohibitions, and (strong or weak) permissions. The approach is based on common constructs in computational models of
argument: rule-based arguments, argumentation graphs, argument labelling semantics
and statement labelling semantics. Deontic reasoning patterns are captured with defeasible rule schemata to the greatest extent, towards the reification of doctrinal pieces.
We show then that bivalent statement labellings can fall short to address normative
completeness, and for this reason, we propose to use trivalent labelling semantics.
Given an argumentation graph, deontic statuses can be computed efficiently. The system is illustrated with a scenario featuring a violation and a contrary-to-duty obligation.
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reasoning, normative systems.
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Introduction

There exist multiple formalisms to capture deontic reasoning [20, 35]. As deontic reasoning
is often embedded into legal reasoning, and because legal reasoning is naturally formalised
in formal models of arguments, deontic argumentation frameworks can be elegant and
convenient formalisms to capture arguments in favour or against deontic statements. Yet,
argumentation is more generally used to address defeasible claims raised on the basis of
partial and conflicting pieces of information, that is, defeasible claims in uncertain contexts.
Hence, argumentation may be well suited to reason upon deontic statements in uncertain
contexts.
As interests in deontic systems can vary, diverse requirements or considerations can be
put forward to build deontic argumentation frameworks. For example, some emulation of
human discourses may be a key desideratum, while computational complexity may be a
requisite for practical applications. For our purposes, we will pay attention to human interface (explainability, emulation and isomorphism), as well as more technical considerations
(parsimony, modularity and computational efficiency), and a legit requirement regarding
normative completeness. These design considerations are exposed in more detail later in the
paper.
Bearing in mind specific design considerations, we explore a modular argumentation
system. The argumentation system amounts to a knowledge-based system where conditional
norms and common sense knowledge are represented as object rules into a knowledge base.
The argumentation process then runs in three stages. In the first stage, arguments are built
from object rules in the knowledge base by using some inference apparatus. In the second
stage, arguments are labelled to reflect their acceptance. In the final stage, statements are
labelled at their turn and normative completeness ensured.
To build such a knowledge-based system, we can roughly state that two main approaches
can be taken: a knowledge-based (KB) approach and an inference-based (IB) approach.
In the KB approach, maximum knowledge is expressed in the knowledge base, while the
inference apparatus is restricted and not domain-specific. Possibly, inference schemata too
are included in the knowledge base. Archetypes of the KB approach are Hilbert-style systems
which usually code knowledge in axioms and axiom schemata with a few inference rules. In
contrast, the IB approach tends to capture portions of knowledge in the inference apparatus
which handles the knowledge base. Examples of the IB approach are Gentzen-style systems
where the number of inference rules is typically larger than in Hilbert-style systems. Thus,
we can say that in general the KB approach limits the number of inference patterns, while
the IB approach favours a diversity of inference patterns.
Both approaches have strengths and weaknesses. If something cannot be achieved with
the KB approach (e.g. the pursuit of some natural reasoning patterns, specific inferences or
features such as some quantitative assessment, or a certain computational complexity), then
2
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one can take the IB approach and attempt to devise some specific inference patterns. Some
trade-off may be obtained, for example by devising systems with an ‘inference knowledge
base’ storing a diversity of inference patterns. This approach may be called here the inferenceknowledge-based (IKB) approach. The advantage of the IKB approach in automated systems
is that designers and users can have an easy and direct access to reasoning patterns which
would be otherwise hidden in the implemented inference machinery.
Any of these options can be adopted to build a computational system where norms are
represented as rules from which arguments are formed to decide about the status of deontic
statements. Within the IB approach, deontic reasoning is captured with specific inference
patterns (e.g. deontic detachment). Examples of such an approach in deontic argumentation
are [7, 47]. Within the KB approach, deontic reasoning is written as object rules in the
knowledge base with no specific inference patterns. For example, a weak permission can be
supported by some arguments built out from object rules (instead of hard-coding its support
from the absence of prohibitions). These object rules may be seen as a reification of inference
rules into the language of the knowledge base, but they are not inference rules because they
are part of the object knowledge base. If the inference rules for deontic reasoning are part of
an inference knowledge base, then we have a deontic IKB approach. An example of the IKB
approach is [48] which uses ASPIC+ framework [37] and where inference rules are tuned
for deontic reasoning.
In this paper, we explore a hybrid approach: first, we use defeasible rule schemata to
account for deontic reasoning, towards doctrine reification. In particular, we investigate the
reification of the principle of prohibition to address normative completeness. In that sense,
we adopt a KB approach. However, for aspects of normative completeness we could not
cover with defeasible rule schemata, we exploit the inference apparatus through labelling
semantics, and thus we complete our KB approach with labelling inferences.
Contribution. A modular rule-based argumentation system is proposed to capture
normative knowledge and reason upon it. To do so, we adopt a KB approach to the greatest
extent through defeasible rule schemata, towards doctrine reification. In particular, we
explore the reification of the principle of prohibition to address normative completeness.
Then, for aspects of normative completeness not covered by defeasible rules schemata,
we exploit the inference apparatus through labelling semantics. The system is actually
constructed on quite common definitions of rule-based arguments, argumentation graphs,
argument and statement labelling semantics. By doing so, we aim at showing that deontic
argumentation frameworks can be devised on the basis of common argumentation constructs,
with little modifications to standard inference apparatus. As a consequence, the system
inherits the modularity of labelling argumentation systems, as it can be tuned to capture
diverse refinements on argument and statement labellings; each refinement variant leading to
a specific deontic argumentation framework. In that regard, we will see that standard bivalent
3

R IVERET ET AL .

statement labellings are not sufficient to achieve normative completeness, and for this reason,
we propose to use a trivalent labelling semantics. Through this journey, we will retrieve three
possible interpretations of the principle of prohibition.
Outline. In Section 2, some design considerations are exposed to build the computational
system. In Section 3, we present a simple argumentation setting which is our basis of our
deontic argumentation system. In Section 4, deontic knowledge is captured in deontic
defeasible theories, from which argumentation graphs are produced, and deontic statements
are labelled. Section 5 illustrates the overall approach. Section 6 evaluates the system with
respect to the elicited design considerations. We discuss related work in Section 7, before
concluding.

2

Some Design Considerations

Some design considerations may be useful to guide the construction of deontic argumentation
systems. We will develop our system by bearing in mind ‘human interface’ and ‘inference’
issues, and a ‘legit’ requirement concerning normative completeness.
Interface considerations regard human-centric requirements to facilitate user interactions
with the system, and we will value explainability, emulation, and isomorphism.
Explainability Computation of normative accounts should be explainable. Yet, the question
‘What is a good explanation?’ is quite elusive and goes far beyond the present work, see
diverse conceptions in philosophy e.g. [5, 26, 31] or psychology [28, 32]. Here we focus
on a specific aspect of explainability, namely, the explanation of why a certain statement is
accepted or rejected, in the context of all relevant arguments. Thus, explainability means for
our purposes that the output acceptance labelling of statements (i.e. conclusions) should be
easily explainable to humans (-in-the-loop) by the interplay of arguments.
Emulation Computational models of argument are often inspired by argumentation as
practised by humans. Following this line, argumentation for deontic reasoning should
somehow emulate the way humans argue about deontic statements. In particular, we would
like to account for full-fledged arguments built from doctrinal pieces, for example those
arguments supporting permissions which are implicit in normative systems.
Isomorphism A well-established principle to build knowledge-based systens in the legal
domain states that there should be an ‘isomorphic’ correspondence between the knowledge
base and the sources [8]. Isomorphism can facilitate the development, verification, validation
and maintenance of the knowledge base, and the provision of more intelligible explanations
to end-users. Isomorphism implies here that we have constructs to account for conditional
norms featuring obligations, prohibitions and permissions.
Inference considerations are more technical, and we will focus on parsimony, modularity
and efficiency.
4
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Parsimony As various deontic argumentation formalisms can be proposed to meet our
needs, we shall prefer the simplest or most parsimonious formalisms, that is formalisms
where unnecessary elements and constructions are excluded. Beyond formal elegance, a
parsimonious deontic formalism is important because of its greater falsifiability, and because
it can ease integration with other endeavours in argumentation, such as e.g. judgement aggregation, probabilistic, strategic or machine learning undertakings [9, 40, 41, 43]. Parsimony
can be analysed in various ways – we will appreciate it at the level of inference machinery
and the knowledge base.
Modularity To facilitate semantics variants, verification, validation and maintenance of
eventual ‘argument-based software systems’, the deontic argumentation system may be, so to
say, modular by design. This can be achieved, for example, by developing a module for each
labelling stage, such that every module can be tuned. In this view, we prefer to investigate a
deontic argumentation system from which various deontic argumentation frameworks can be
drawn.
Efficiency Concerning computational complexity, one may seek for systems which can
operate efficiently for practical ends, and thus argumentation semantics which can be accompanied with efficient algorithms. Following computational complexity theory, an algorithm
is efficient if it can be performed in polynomial time.
Finally, beyond consistency according to which incompatible (deontic) statements should
not be accepted together, the legit requirement regards the normative completeness of our
formal system.
Completeness We are after deontic argumentation frameworks which are complete. Prescriptions may be such that there exist ‘normative gaps’ (or ‘legal gaps’ in legal systems), i.e.,
in some cases, something is neither explicitly obligatory, permitted nor prohibited. Normative
completeness refers here to the completeness quality of the deontic argumentation system: a
system is complete if, and only if, anything is eventually obligatory, permitted or prohibited,
even though, for example, something is not regulated by any primary norms. To address
normative completeness, the ‘principle of prohibition’, according to which everything that is
not prohibited is permitted, can be put forward, and we will do so. Yet, such a principle can
be interpreted in various ways, see e.g. [1], which should be accounted for.
Many argumentation settings in the literature cater for various human interface and
inference aspects in a way or another. We are thus greatly inspired from these systems to build
our deontic argumentation system in the next sections. However, normative completeness
has attracted less attention. and we shall thus pay particular attention to it. Above-mentioned
design considerations will be used to evaluate the system later in Section 6.
5
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3

Argumentation System

This section presents a lightweight ASPIC+ -like argumentation system along with a common sequential model consisting of the following stages [4]: definition of the language,
defeasible theories and argumentation graph production, argument acceptance/justification
and statement acceptance/justification. These stages are developed in the remainder of the
section.

3.1

Language

Building blocks of the formalism are so-called ‘literal statements’ (which are later further
specified to cater for deontic modalities).
Definition 3.1. A literal statement is either a plain literal statement or a modal literal
statement, where
• a plain literal statement is either an atomic proposition p or the negation of an atomic
proposition, i.e. ¬p, and
• a modal literal statement is a statement of the form γ or ¬γ, such that  is a placeholder for any modal operator and γ is a plain literal statement.
Notation 3.1. For any plain literal statement γ, its complement is written γ. Hence, if γ is p
then γ is ¬p, and if γ is ¬p then γ is p.
Literal statements can be put in relation through defeasible rules. Defeasible rules
represent conditionals of the form ‘if . . . then . . . unless . . .’. For the sake of simplicity, we
deal with defeasible rules only, i.e. rules that can be defeated by other rules.
Definition 3.2. A defeasible rule over a set of literal statements S is a construct of the form
r : ϕ1 , . . . , ϕn , ∼ ϕ10 , . . . , ∼ ϕm0 ⇒ ϕ with 0 ≤ n and 0 ≤ m, and where
• r is the unique identifier of the rule, and
• for any 0 ≤ i ≤ n and 0 ≤ j ≤ m, ϕi , ϕ 0j , ϕ ∈ S are all literal statements.
Given a rule as in Definition 3.2, the set {ϕ1 , . . . , ϕn , ∼ ϕ10 , . . . , ∼ ϕm0 } is the body of the
rule. The singleton {ϕ} is the head of the rule.
Notation 3.2. Given a rule r as in Definition 3.2,
• the body of r is denoted Body(r), i.e. Body(r) = {ϕ1 , . . . , ϕn , ∼ ϕ10 , . . . , ∼ ϕm0 },
• the head of r is denoted Head(r), i.e. Head(r) = {ϕ},
• the set of propositions of r is denoted Prop(r), i.e. Prop(r) = {p | p, ¬p, ∼ p, ∼
¬p, p, ¬p, ¬p, ¬¬p, ∼ p, ∼ ¬p, ∼ ¬p, ∼ ¬¬p ∈ Body(r) ∪ Head(r)}.
The set of propositions of a set of rules Rules is denoted Prop(Rules), i.e. Prop(Rules) =
S
r∈Rules Prop(r).
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A defeasible rule r : ϕ1 , . . . , ϕn , ∼ ϕ10 , . . . , ∼ ϕm0 ⇒ ϕ can be roughly read as follows: ‘if ϕ1
and . . . and ϕn are supported then ϕ is defeasibly supported, unless ϕ10 is supported or . . .
or unless ϕm0 is supported’. We specify later what ‘supported’ means here. The symbol ∼
can be viewed as a sort of negation as failure, but it may be rather understood as a point of
attack (as we will see soon) to avoid any confusion with formal semantics from the literature
on the concept of negation as failure.
Rules may head to incompatible statements. Incompatibilities amongst statements are
captured in a conflict relation defined as a binary relation over literal statements.
Definition 3.3. A conflict relation ‘Conflicts’ over a set of literal statements S is a binary
relation over S , i.e. Conflicts ⊆ S × S .
Notation 3.3. The set propositions of a conflict relation ‘Conflicts’ is denoted Prop(Conflicts), i.e.
Prop(Conflicts) = {p | (ϕ, ϕ 0 ) ∈ Conflicts : ϕ =
p, ¬p, p, ¬p, ¬p, ¬¬p, or ϕ 0 = p, ¬p, p, ¬p, ¬p, ¬¬p}.
The relation is meant to be ‘well-formed’. For example, we may constrain conflicts such that
for any literal statement γ and its complement γ we have Conflicts(γ, γ). Well-formedness is
left unspecified at this stage, it will be specified in the deontic development of the relation.
We may also further refine the relation with asymmetric and symmetric conflicts to deal with
contrary or contradictory statements, but such sophistications are not necessary for our ends.
When two rules have conflicting heads, one rule may prevail over another one. To
possibly disentangle such cases, we use a superiority relation  over rules. Informally, s  r
states that rule s prevails over rule r.
Definition 3.4. A superiority relation  over a set of rules Rules is an antireflexive and
antisymmetric binary relation over Rules, i.e. ⊆ Rules × Rules.
As the superiority relation is antireflexive and antisymmetric, for any rule r it does not hold
that r  r, and for two distinct rules r and r0 we cannot have both r  r0 and r0  r.

3.2

Defeasible theories and argumentation graphs

A defeasible theory lists a set of rules, a conflict relation and a superiority relation.
Definition 3.5. A defeasible theory is a tuple hRules, Conflicts, i where
• Rules is a set of rules, and
• Conflicts is a conflict relation, and
•  is a superiority relation over Rules.
7
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Notation 3.4. Given a defeasible theory T = hRules, Conflicts, i,
• the set of rules Rules, the relation Conflicts, and the relation  are denoted Rules(T ),
Conflicts(T ), and  (T ) respectively,
Prop(T ) = Prop(Rules) ∪
• the set propositions of T is denoted Prop(T ), i.e.
Prop(Conflicts).
By chaining rules of a defeasible theory, we can build arguments. Arguments are captured
by the following definition, which is much inspired from other rule-based argumentation
frameworks as exposed for example in [11, 37].
Definition 3.6. An argument A constructed from a defeasible theory hRules,Con f licts, i
is a finite construct of the form: A : A1 , . . . An , ∼ ϕ1 , . . . , ∼ ϕm ⇒r ϕ with 0 ≤ n and 0 ≤ m
and such that
• A is the unique identifier of the argument, and
• A1 , . . . , An are arguments constructed from the defeasible theory hRules,Con f licts, i,
and
• ϕ is the conclusion of argument A; the conclusion of an argument A is denoted conc(A),
i.e. conc(A) = ϕ, and
• there exists a rule r ∈ Rules such that r : conc(A1 ), . . . , conc(An ), ∼ ϕ1 , . . . , ∼ ϕm ⇒ ϕ.
Definition 3.7. Given an argument A : A1 , . . . An , ∼ ϕ1 , . . . , ∼ ϕm ⇒r ϕ, the set of its subarguments Sub(A), the set of its direct subarguments DirectSub(A), the last inference rule
TopRule(A), and the set of all the rules in the argument Rules(A) are defined as follows:
• Sub(A) = Sub(A1 ) ∪ . . . ∪ Sub(An ) ∪ {A},
• DirectSub(A) = {A1 , . . . , An },
• TopRule(A) = (r : conc(A1 ), . . . , conc(An ), ∼ ϕ1 , . . . , ∼ ϕm ⇒ ϕ),
• Rules(A) = Rules(A1 ) ∪ . . . ∪ Rules(An ) ∪ {TopRule(A)}.
According to Definition 3.6, an argument without direct subarguments has thus the form
A : ∼ ϕ1 , . . . , ∼ ϕm ⇒r ϕ with 0 ≤ m. Arguments may be infinite, and we may have an
infinite set of arguments constructed from a defeasible theory, however, we will work with
finite sets of finite arguments.
Last item in Definition 3.6 asserts that arguments are built using one single implicit
inference rule, namely (defeasible) modus ponens of the form
r : ϕ1 , . . . , ϕn , ∼ ϕ10 , . . . , ∼ ϕm0 ⇒ ϕ
ϕ1 , . . . , ϕn
ϕ
By using this simple and single inference rule pertaining to common sense reasoning, our
intention is to build arguments through reasoning steps which come ‘as close as possible to
8
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actual reasoning’. Yet, by contrast to Gentzen-style calculi (sequent calculus and natural
deduction) which have a minimal number of axioms and multiple inference rules, we propose
to have one single inference rule, namely a defeasible modus ponens to meet our parsimony
requirement. If one wants to bring the framework closer to actual reasoning, then the
framework can be certainly developed in that direction by including sundry inference rules
to build arguments.
Arguments may conflict and thus attacks between arguments may appear. We reckon two
types of attacks: rebuttals (clash of incompatible conclusions) and undercuttings1 (attacks
on negation as failure premises). In regard to rebuttals, we assume a preference relation
over arguments determining whether two rebutting arguments mutually attack each other or
only one of them (being preferred) attacks the other. The preference relation over arguments
can be defined in various ways on the basis of the preference over rules. We adopt a simple
last-link ordering (back to e.g. [38]), according to which an argument A is preferred over
another argument B, denoted as A  B, if, and only if, the rule TopRule(A) is superior to
the rule TopRule(B), i.e. TopRule(A)  TopRule(B). This leads us to adopt the following
definition of attack relation, cf. other formulations e.g. in [37].
Definition 3.8. An attack relation ; over a set of arguments A is a binary relation over A ,
i.e. ; ⊆ A × A . An argument B attacks an argument A, i.e. B;A, iff B rebuts or undercuts
A, where
• B rebuts A (on A0 ) iff ∃A0 ∈ Sub(A) such that conc(B) and conc(A0 ) are in conflict, i.e.
Conflicts(conc(B), conc(A0 )), and A0 6 B;
• B undercuts A (on A0 ) iff ∃A0 ∈ Sub(A) such that ∼ conc(B) belongs to the body of
TopRule(A0 ), i.e. (∼ conc(B)) ∈ Body(TopRule(A0 )).
Arguments and attack relations can be then captured in Dung’s abstract argumentation
graphs, originally called abstract argumentation frameworks in [16].
Definition 3.9. An argumentation graph is a pair hA , ;i where A is a set of arguments,
and ; ⊆ A × A is a binary relation of attack.
Notation 3.5. Given an argumentation graph G = hA , ;i, we may denote A as AG and
; as ;G .
Definition 3.10. An argumentation graph hA , ;i is an argumentation graph constructed
from a defeasible theory iff A is the set of all arguments constructed from the defeasible
theory.
1 The term undercutting is overloaded in argumentation literature and is used with different meanings in
different contexts, cf. [37].
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Clearly, the number of arguments in an argumentation graph constructed from a defeasible
theory may not be polynomial in the number of rules of the theory. As complexity matters, we
may focus on those theories from which argumentation graphs can be constructed efficiently.
However, we may also be given an argumentation graph, and check its ‘well-formedness’,
presumably against some theory. Anyhow, given an argumentation graph built (possibly
efficiently) from a defeasible theory, we can then label arguments following argument
labelling semantics.

3.3

Labelling semantics

Given an argumentation graph, the sets of arguments that are accepted or rejected, that is,
those arguments that will survive or not to possible attacks, are computed using some semantics. For our purposes, we resort to labelling semantics as reviewed in [2,3]. Accordingly, we
endorse {IN, OUT, UND}-labellings where each argument is associated with one label which
is either IN, OUT, or UND, respectively meaning that the argument is accepted, rejected, or
undecided.
Definition 3.11. A {IN, OUT, UND}-labelling of an argumentation graph G is a total function
L : AG → {IN, OUT, UND}.
Notation 3.6. A {IN, OUT, UND}-labelling L may be represented as a tuple
hIN(L), OUT(L), UND(L)i where IN(L) stands for {A | L(A) = IN}, OUT(L) for
{A | L(A) = OUT}, and UND(L) for {A | L(A) = UND}.
Most argument labellings studied in the literature are complete labellings [2]. An
argumentation graph may have several complete {IN, OUT, UND}-labellings, we will focus
on the unique complete labelling with the smallest set of labels IN, namely the grounded
{IN, OUT, UND}-labelling.
Definition 3.12. Let G denote an argumentation graph. A complete {IN, OUT, UND}labelling of G is a {IN, OUT, UND}-labelling such that for every argument A in AG :
• A is labelled IN iff all attackers of A are labelled OUT,
• A is labelled OUT iff A has an attacker labelled IN.
Definition 3.13. A complete {IN, OUT, UND}-labelling L is a grounded {IN, OUT, UND}labelling of an argumentation graph G if IN(L) is minimal (w.r.t. set inclusion) amongst all
complete {IN, OUT, UND}-labellings of G.
Since complete or grounded {IN, OUT, UND}-labellings are total functions, if an argument is
not labelled IN or OUT, then it is labelled UND.
The reason to focus on the grounded {IN, OUT, UND}-labelling is that it is unique and it
can be computed in a polynomial time, using e.g. Algorithm 1 [36]. The algorithm begins
10
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by labelling IN all arguments not being attacked or whose attackers are OUT (line 4), and
then it iteratively labels OUT any argument attacked by an argument labelled IN (line 5). The
iteration continues until no more arguments can be labelled IN or OUT (line 6); and if the
argumentation graph is finite, then it terminates by labelling UND unlabelled arguments (line
7).
Algorithm 1 Computation of a grounded {IN, OUT, UND}-labelling.
1:
2:
3:
4:
5:
6:
7:

input An argumentation graph G,
L0 = (0,
/ 0,
/ 0),
/
repeat
IN(Li+1 ) ← IN(Li ) ∪ {A | A ∈ AG is not labelled in Li , and ∀B ∈ AG : if B attacks A
then B ∈ OUT(Li )}
OUT(Li+1 ) ← OUT(Li ) ∪ {A | A ∈ AG is not labelled in Li , and ∃B ∈ AG : B attacks A
and B ∈ IN(Li+1 )}
until Li = Li+1
return (IN(Li ), OUT(Li ), AG \(IN(Li ) ∪ OUT(Li )))

Algorithm 1 is given here to show that the computation of the grounded labelling of an
argumentation graph can be performed in polynomial time. It does not pre-empt the use of
more efficient algortihms, see e.g. [14, 15].
Given a set of statements, a labelling of this set is a (preferably total) function associating
any statement with a label. Different specifications for statement labellings are possible, see
e.g. [4] where statement acceptance labellings are distinguished from statement justification
labellings. For our purposes, we will work with acceptance labellings, and we first turn
to the acceptance labelling semantics which is perhaps the simplest in a meaningful way,
namely bivalent labelling semantics, according to which a statement is either accepted or not,
without further sophistication. If a statement is accepted then it is labelled ‘in’, otherwise
it is labelled ‘ni’. As statements are labelled relatively to so-called argument acceptance
labelling semantics, we have acceptance bivalent {in, ni}-labellings, but we will simply call
them bivalent {in, ni}-labellings.
Definition 3.14. Let L be a set of {IN, OUT, UND}-labellings, S a set of literal statements.
A bivalent {in, ni}-labelling of S and from L is a total function K : L, S → {in, ni} such
that for any argument labelling L ∈ L and ϕ ∈ S :
• K(L, ϕ) = in iff ∃A ∈ IN(L) : conc(A) = ϕ,
• K(L, ϕ) = ni otherwise.
We can also take statement labellings which better exploit statuses of {IN, OUT, UND}labellings [4]. For our very investigation into deontic argumentation, we consider trivalent
11
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{in, und, niund}-labellings which reckon undecided statements.
Definition 3.15. Let L be a set of {IN, OUT, UND}-labellings, S a set of literal statements.
A trivalent {in, und, niund}-labelling of S and from L is a total function K : L, S →
{in, und, niund} such that for any argument labelling L ∈ L and ϕ ∈ S :
• K(L, ϕ) = in iff ∃A ∈ IN(L) : conc(A) = ϕ, and
• K(L, ϕ) = und iff ∃A ∈ UND(L) : conc(A) = ϕ and 6 ∃A ∈ IN(L) : conc(A) = ϕ, and
• K(L, ϕ) = niund otherwise.
Notation 3.7. A bivalent {in, ni}-labelling or a trivalent {in, und, niund}-labelling K may
be represented as a tuple hin(K), ni(K)i and hin(K), und(K), niund(K)i respectively, with
the obvious meaning.
For the sake of simplicity, since we will work with grounded {IN, OUT, UND}-labelling
semantics and because every argumentation graph has a unique grounded {IN, OUT, UND}labelling, we assume that any statement justification labelling simply corresponds to a
statement acceptance labelling which can be a bivalent {in, ni}-labelling or a trivalent
{in, und, niund}-labelling. The distinction between bivalent and trivalent labellings is later
exploited in our deontic setting, in particular to address normative completeness.

4

Deontic Argumentation System

Having laid out a simple rule-based argumentation system, we can now specify a deontic
version of it. To do so, we first specify our deontic statements, and then adopted labelling
semantics are discussed.

4.1

Deontic language

Legal and deontic reasoning expose varied concepts – ranging from basic obligations and
permissions to liberties and rights. For our purposes, we focus on basic concepts in deontic
reasoning, namely obligations, prohibitions, and permissions.
Obligations are at the core of our deontic system, and prohibitions are viewed as a
by-product of obligations: ‘something is prohibited’ is equivalently expressed by stating
that its opposite is obligatory. Permissions can be understood in terms of obligations too: a
permission for something expresses that the opposite is not obligatory.
Accordingly, and for the sake of simplicity, the attention is restricted to a propositional
language which is supplemented with a single deontic operator O which indicates an obligation. Hence, we assume a language LD whose literal statements are defined as follows, cf.
Definition 3.1.
12
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Definition 4.1. A literal statement of a language LD is either a plain literal statement or a
deontic literal statement, where:
• a plain literal statement is either an atomic proposition p or the negation of an atomic
proposition, i.e. ¬p, and
• a deontic literal statement is a statement of the form Oγ or ¬Oγ such that γ is a plain
literal statement.
Prohibitions and permissions are captured by assuming that a prohibition Fγ is equivalently expressed by the obligation Oγ, and a permission Pγ is syntactically equivalent to
¬Oγ.
Notation 4.1. As syntactic sugar, we may write Oγ as Fγ, and ¬Oγ as Pγ (and vice versa).
Accordingly, Op stands for F¬p, O¬p for Fp, Pp for ¬O¬p, and P¬p for ¬Op.
Anything is meant to be either obligatory, prohibited or permitted. However, in practice,
and as remarked by legal scholars, there can be gaps (see e.g. [1]), i.e. in some cases,
something is neither obligatory, permitted nor prohibited. Normative completeness refers
here to the completeness quality of the deontic argumentation system: a system is complete
if, and only if, anything is eventually obligatory, permitted nor prohibited, even though, for
example, something is not regulated by any primary norms.
To address normative completeness, we will exploit the well-established principle of
prohibition, which can be formulated as follows: ‘everything that is not prohibited is
permitted’. The principle is shared by various legal systems (for instance it corresponds to
the ‘norma generale exclusiva’ or ‘principio di libertá’ in Italian system); however, we have
to note that the principle does not apply in all legal systems.
In criminal law for example (in civil law systems), if being permitted to do an action
means not being subject to sanction for it, then there is the idea that every criminal sanction
must be explicitly stated by positive law (the sanction cannot be obtained by analogy). This
principle, according to European Court of Human Rights (case Ozturk v. Germany, 1984),
goes beyond criminal law strictly understood, applying to any sanction having punitive character, namely, going beyond compensation of damage (e.g. administative fines). Therefore if
an action is not punished by a norm (it is not prohibited), one can conclude that the legal
system is committed not to punish (the judge should not punish it), so that the action is
definitely permitted, as long as the explicit rules remain the same (the law says implicitly
that the action is subject to no sanction) according to criminal law. The idea can be retrieved
in the principle ‘nullum crimen sine lege’ (no crime without law), i.e. everything that is not
explicitly prohibited should be considered as permitted.
In private law, on the contrary, it is possible for the judge to establish a sanction (compensation for damages) using analogy or other legal constructions even for actions that are
not explicitly prohibited by the law. In civil law, the fact that no norm explicitly establishes a
13
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sanction for an action does not ensure that the action will not be sanctioned, there is just a
gap: we do not know what will happen. For instance, in many legal systems, before consumer
protection laws were enacted, judges started to condemn producers to compensate damages
caused by defective products. This required overcoming, in the absence of an explicit rule,
the idea that producers owned no duty of care to consumers.
Hence, in general, the principle of prohibition and our upcoming account of it apply to
normative systems where it makes sense to use it.
Besides, the principle can be diversely interpreted. In a first interpretation, the principle
can be read to stress a mere tautology: no prohibition (¬Oγ) is equivalent to a permission
(Pγ). Such a tautology can be, for example, syntactically captured by writing ¬Oγ as Pγ and
vice versa (as we do in Notation 4.1), but this will not appear to successfully fill any gaps
in our formal framework. In a second interpretation, we can adopt the reading according to
which a thing is permitted unless it is prohibited. Following this interpretation the principle
of prohibition is not a tautology anymore, but rather a normative principle included in the
normative system being considered, to effectively fill gaps by producing permissions.
In this context, we may distinguish strong and weak permissions (similarly as notably
retained by G. H. von Wright [49]), where a strong permission is a permission derived from
permissive norms, and a weak permission for ϕ is a permission which is accepted if the
prohibition of or on ϕ is not accepted. This conception makes reference, for example, to C.E.
Alchourrón and E. Bulygin who state: ‘Weak permission differs from strong permission in
an important way: strong permission expresses a positive fact (the existence of a permissive
norm), whereas weak permission refers to a negative fact: the non-existence of a prohibitive
norm’ [1], see also [33, 45, 46]. In this view, a strong permission does not fully correspond to
what we may call an ‘explicit permission’ (i.e. a permission which is explicitly formulated
in a permissive norm): for example, if one derives in the system the acceptance of Pp and
Pq, one might infer P(p and q), which is not explicit in the sense that it is derived, but is
nevertheless strong. The strengths of permissions are not exclusive: we can have a strong
and weak permission for the same thing, the two permissions would not be incompatible.
In our framework, the strengths of permissions are not directly represented in the language,
essentially because laypersons or jurists do not usually specify the strength of permissions
in their discourses. In this view, a weak or a strong permission is seen as a permission tout
court.
A defeasible rule can specify varied relationships amongst (deontic) literal statements of
a given language LD . Such rules are called normative defeasible rules.
Definition 4.2. Given a language LD , a normative defeasible rule is a defeasible rule over
a set of literal statements in LD .
Normative rules are partitioned into foreground rules and background rules. Foreground
rules provide substantive legal regulations, for particular domains of the law, while back14
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ground rules express deontic assumptions underlying the normative system being dealt
with.
Foreground rules are domain-dependent rules. They are meant here to represent primary
norms, and thus they can be classified as either constitutive rules or regulative rules. The
effect of a constitutive rule is to define a term as understood in a given situation or to ‘create’
an institutional entity from a set of brute or institutional facts. A regulative rule, on the other
hand, triggers a ‘deontic’ effect (obligation, prohibition, permission) when certain conditions
are established. While constitutive and regulative norms have been formally approached in
various (and sometimes sophisticated) ways in the literature [20], the distinction is simply
addressed in the present system: the consequent of the rule is a plain literal for constitutive
rules, and a deontic literal for regulative rules. In that regard, we can note that a regulative
rule heading to a (strong) permission would typically specify an exception to an obligation,
as notably discussed by A. Ross [44], but such a rule can also be used to stress a permission
and clarify its conditions.
Background rules are domain-independent. They underpin core deontic reasoning. These
background rules can be viewed as defeasible rule schemata which are isomorphic to some
pieces of (possibly very basic) legal doctrines. Instead of giving a formal definition of
background defeasible rules, we give here some examples of such schemata:
d_γ : Oγ

⇒ Pγ

An obligation Oγ implies a permission Pγ
(cf. Axiom ‘D’ in deontic logics).

p_γ :

⇒ Pγ

Anything is permitted prima facie.

k_γ :∼ Oγ ⇒ Pγ

Anything that is not prohibited is permitted.

These background rules can be essentially employed to build arguments supporting permissions. In particular, the second and third rules can be used to derive permissions even if
there are no applicable foreground permissive rules heading to such permissions. As to the
terminology, although such permissions are the consequent of some rules, we may say for
now that these background rules head to weak permissions because these rules are meant
to ensure that a permission can be accepted if any contrary prohibition is non-existent or
rejected, and even though there is no foreground permissive rule heading to such a permission
(as we will see later).
Given some background rules, sets of background rules can be formed, possibly to
account for various doctrinal systems. In our case, and for our purposes, we will work with
the sets {d_γ, p_γ} and {d_γ, k_γ}.
Definition 4.3. A set of background defeasible rule schemata B is
• a permissive by default set of background defeasible rule schemata iff B = {d_γ, p_γ};
15

R IVERET ET AL .

• a Kelsenian permissive set of background defeasible rule schemata iff B = {d_γ, k_γ};
• a permissive set of background defeasible rule schemata iff B = {d_γ, p_γ} or B =
{d_γ, k_γ}.
A permissive by default set or a Kelsenian permissive set indicate that anything is
defeasibly permitted. They are distinct in that a Kelsenian permissive set may better reflect
the principle of prohibition as exposed by Kelsen (thus its name)2 . Moreover, this set may
appear weaker than the permissive by default set because the rule k_γ features a point of
attack ∼ Oγ which rule p_γ does not present. We will use in this paper this permissive set of
background defeasible rules for our illustrations. For both sets, although one may presuppose
that their rules can be used to fill normative gaps, we will see that such background rules
are actually not enough to obtain normative completeness when using bivalent statement
labelling semantics. Our solution to this issue will turn out to yield the same results for both
sets when determining acceptance statuses of statements.
Whatever the set of background defeasible rules, we will ground the rules over a set of
propositions. For our purposes, we do so over propositions of an input (domain-dependent)
defeasible theory.
Definition 4.4. A set of rules is a set of background rules with respect to a defeasible theory
T and a set of background defeasible rule schemata B, denoted BackRules(T, B), iff
• BackRules(T, B) = {d_γ, d_γ, p_γ, p_γ | γ ∈ Prop(T )} if B is a permissive by default set of
background defeasible rule schemata;
• BackRules(T, B) = {d_γ, d_γ, k_γ, k_γ | γ ∈ Prop(T )} if B is a Kelsenian permissive set of
background defeasible rule schemata.
For the sake of simplicity, norms potentially captured by ‘modalised rules’ (e.g, rules of
the form O(r : ϕ1 , . . . , ϕn , ∼ ϕ10 , . . . , ∼ ϕm0 ⇒ ϕ)) are not accounted for in this paper. Such
constructs and their meanings are left to possible developments of the system, towards for
example secondary norms as ‘meta-rules’.
Background rules are at the domain-independent core of deontic reasoning, and they are
employed to background sets of rules.
Definition 4.5. A set of rules Rules is a backgrounded set of rules with respect to a
defeasible theory T and a set of background defeasible rule schemata B iff Rules =
Rules(T ) ∪ BackRules(T, B).
2 ‘As

a sanction-prescribing social order, the law regulates human behavior in two ways: in a positive sense,
commanding such behavior and thereby prohibiting the opposite behavior; and, negatively, by not attaching
a coercive act to a certain behavior, therefore not prohibiting this behavior and not commanding the opposite
behavior. Behavior that legally is not prohibited is legally permitted in this negative sense.’ [29].
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Example 1. Let us adapt H.L.A Hart’s hypothetical [25] for our purposes: assume a policy
stating that it is forbidden to enter in a park with a vehicle, unless there is an emergency.
This policy may be formalised by the (foreground) defeasible theory h{r}, 0,
/ 0i
/ where
r : vehi, ∼ emer ⇒ Fenter
The Kelsenian permissive set of background rules with respect to the theory h{r}, 0,
/ 0}i
/
includes all the following rules.
d_vehi :
Ovehi
⇒ Pvehi
d_¬vehi :
O¬vehi
⇒ P¬vehi
k_vehi :
∼ Fvehi
⇒ Pvehi
k_¬vehi :
∼ F¬vehi
⇒ P¬vehi
d_emer : Oemer
⇒ Pemer
d_¬emer : O¬emer
⇒ P¬emer
k_emer : ∼ Femer ⇒ Pemer
k_¬emer : ∼ F¬emer ⇒ P¬emer
⇒ Penter
d_¬enter : O¬enter
⇒ P¬enter
d_enter : Oenter
k_enter : ∼ Fenter ⇒ Penter
k_¬enter : ∼ F¬enter ⇒ P¬enter

As a set of background rules is defined with respect to a defeasible theory T and a set
of background defeasible rule schemata B, the cardinality of the set of background rules
is 2 · |B| · |Prop(T )| (as illustrated in Example 1). Yet, for practical matters and especially
implementation matters, we may employ only background defeasible rule schemata which
are instantiated where necessary for the considered computation.
Concerning conflicts, we distinguish foreground conflicts and background conflicts.
Foreground conflicts can be any kind of conflicts of the form (γ, γ) or (Oγ, Oγ) or (¬Oγ, Oγ)
or (Oγ, ¬Oγ); deontic conflicts can be visualised in the deontic square drawn in Figure 1.
Definition 4.6. A conflict is a foreground conflict iff it is of the form (γ, γ) or (Oγ, Oγ) or
(¬Oγ, Oγ) or (Oγ, ¬Oγ).
incompatible

compatible

incompatible

le
m
co

le

tib

pa

pa
t

m

¬Oγ

Oγ

ib

co

incompatible

Oγ

¬Oγ

Figure 1: Deontic square of compatibility relation.
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Foreground conflicts allow a knowledge engineer to specify particular conflicts between
literal statements. However, specified foreground conflicts may appear incomplete in that
inevitable conflicts may not be included in the foreground set. To ensure completeness of
conflicts, we assume thus background conflicts.
Definition 4.7. A set of conflicts is a set of background conflicts with respect
to a defeasible theory T , denoted BackConflicts(T ), iff BackConflicts(T ) =
{(γ, γ), (γ, γ), (Oγ, Oγ), (Oγ, Oγ), (Oγ, ¬Oγ), (¬Oγ, Oγ), (Oγ, ¬Oγ), (¬Oγ, Oγ) | γ ∈
Prop(T )}.
Background conflicts are, so to say, domain-independent in deontic reasoning,3 and a
conflict relation is backgrounded by such conflicts if, and only if, they are included in the
relation.
Definition 4.8. A conflict relation Con f licts is a backgrounded conflict relation with respect to a defeasible theory T iff Con f licts = Conflicts(T ) ∪ BackConflicts(T ).
Example 1 (continued). The background conflict pairs are as follows.
(vehi, ¬vehi)
(emer, ¬emer)
(enter, ¬enter)
(¬vehi, vehi)
(¬emer, emer)
(¬enter, enter)
(Ovehi, O¬vehi)
(Oemer, O¬emer)
(Oenter, O¬enter)
(O¬vehi, Ovehi)
(O¬emer, Oemer)
(O¬enter, Oenter)
(Ovehi, ¬Ovehi)
(Oemer, ¬Oemer)
(Oenter, ¬Oenter)
(¬Ovehi, Ovehi)
(¬Oemer, Oemer)
(¬Oenter, Oenter)
(O¬vehi, ¬O¬vehi)
(O¬emer, ¬O¬emer)
(O¬enter, ¬O¬enter)
(¬O¬vehi, O¬vehi)
(¬O¬emer, O¬emer)
(¬O¬enter, O¬enter)

We can remark that given any defeasible theory T where conflicts are foreground or background conflicts, we have that Conflicts(T ) ⊆ BackConflicts(T ). Consequently, a conflict
relation Con f licts is a backgrounded conflict relation with respect to a defeasible theory T if,
and only if, Con f licts = BackConflicts(T ). Thus, if one works with backgrounded conflicts
of a defeasible theory, as we will do, then foreground conflicts may appear unnecessary. The
definition of foreground conflicts is nevertheless formally necessary to constrain conflicts
which can be given when specifying any foreground theories (as defined soon).
3 Addendum: we can note that the definition is about sets of background conflicts and not background
conflicts themselves. Nevertheless, assuming that a background conflict is defined as an element of such sets,
a background conflict may be correctly qualified as a foreground conflict by Definition 4.6 (from an original
position behind the deontic background for example). Such a consideration does not apply to background rules
in the paper, and a more general formalisation of foreground/background elements is left to future work.
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Similarly as background rules, a background conflict relation is defined with respect
to a defeasible theory T , and the cardinality of the relation is 8 · |Prop(T )| (as illustrated
in Example 1). However, and again, we may only need background conflict schemata
relationships instantiated where required.
Foreground and background deontic rules may have conflicting heads, and to ensure
correct reasoning patterns, background superiorities can be proposed. At first sight, background rule d_γ could be viewed as a very strong rule, that is, in our context a defeasible
rule which is superior to any other rule and such that there exist no superior foreground rules.
However, such a superiority setting does not fit well with the adopted last-link preference
over arguments, as some anomalies may appear. For example, if d_γ is superior to any
foreground rules, then any argument C whose top rule is d_γ could defeat any arguments
defeating the direct subargument of C.
Example 2. For instance, suppose the following arguments:
O1 :
⇒r Oa
O2 :
⇒r0 O¬a
P1 : O1
⇒d_a Pa
P2 : O2
⇒d_¬a P¬a
W1 : ∼ Fa ⇒k_a Pa
W2 : ∼ F¬a ⇒k_¬a P¬a
Let us assume that rule r0 is superior to r, i.e. r0  r, so that argument O2 attacks O1.
Consequently, argument O2 rebuts P1 (on O1). Moreover, if rule d_γ has superior or equal
strength to any foreground rules, then argument P1 rebuts O2 and P2 (on O2), and P2 rebuts
O1 and P1 (on O1). As a result, all arguments would be labelled UND as illustrated in Figure
2 on the left, but this labelling is not satisfactory. Instead, if d_γ has inferior strength to any
foreground rules, then we have the argumentation graph as illustrated in Figure 2 on the
right, whose grounded {IN, OUT, UND}-labelling is more satisfactory.
UND

P1
UND

O1
UND

W1

UND

OUT

P2

P1

UND

OUT

O2

O1

UND

OUT

W2

W1

IN

P2
IN

O2
IN

W2

Figure 2: Grounded {IN, OUT, UND}-labellings.
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Example 2 shows that background rule d_γ should not be viewed as a strong rule. On the
contrary, it should be conceived as a very weak rule, so that arguments with such a top rule
attack no foreground arguments. In general, we assume in this paper that background rules
are inferior to any foreground rules.
Definition 4.9. A superiority relation is a background superiority relation with respect
to a defeasible theory T and a set of background defeasible rule schemata B, denoted
BackSup(T, B), iff BackSup(T, B) = {(s, r) | s ∈ Rules(T ), r ∈ BackRules(T, B)}.
Definition 4.10. A superiority relation  is a backgrounded superiority relation with respect to a defeasible theory T and a set of background defeasible rule schemata B iff
= (T ) ∪ BackSup(T, B).
The definition of a backgrounded superiority relation might be simplified if strict rules
were employed. However, the use of strict rules can be quite elusive [11,17], and would requisite a larger inference apparatus which would not be congruent with our design consideration
on parsimony.
Example 1 (continued). The background pairs in the superiority relation are as follows.
(r, d_vehi)
(r, d_emer)
(r, d_enter)
(r, k_emer)
(r, k_enter)
(r, k_vehi)
(r, d_¬vehi)
(r, d_¬emer)
(r, d_¬enter)
(r, k_¬vehi)
(r, k_¬emer)
(r, k_¬enter)

A background superiority relation is defined with respect to a defeasible theory T and a
set of background defeasible rule schemata B, thus the cardinality of the relation is greater
than |B| · |Prop(T )| · |Rules(T )|. However, similarly as background rules and background
conflicts, we may only need background superiority schemata which are instantiated where
necessary.

4.2

Deontic defeasible theory and argumentation graphs

We now can propose to ‘background’ defeasible theories where rules, conflicts and superiority relationships are backgrounded with respect to any foreground theory. A foreground
defeasible theory is here a defeasible theory where rules are not background rules, i.e. rules
whose identifiers are not identifiers of any background rules.
Definition 4.11. A defeasible theory hRules, Conflicts, i is a foreground defeasible theory
iff
• every defeasible rule in Rules is a (foreground) normative defeasible rule which is not a
background defeasible rule, and
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• every conflict in Conflicts is a foreground conflict.
Definition 4.12. A defeasible theory hRules, Conflicts, i is a backgrounded defeasible
theory of a foreground defeasible theory T with a set of background defeasible rule schemata
B iff
• Rules is a backgrounded set of rules with respect to T and B, and
• Conflicts is a backgrounded conflict relation with respect to T , and
•  is a backgrounded superiority relation with respect to T and B.
In practice, we will first write a foreground defeasible theory to then hold a backgrounded
defeasible theory. In the remainder, we assume that any defeasible theory is backgrounded
with a permissive set of background defeasible rule schemata, to obtain a permissive defeasible theory.
Definition 4.13. A defeasible theory is a permissive defeasible theory iff it is a backgrounded
defeasible theory with a permissive set of background defeasible rule schemata.
From a backgrounded defeasible theory, we can build arguments. When building arguments, chaining rules implicitly uses the detachment of the consequent of rules. In that
regard, we can note that deontic studies usually distinguish factual detachments and deontic
detachments. For our purposes, we consider factual detachments only, leaving (defeasible)
deontic detachments (if accepted) to future developments.
Once arguments are built, we can form an argumentation graph, and then label arguments
and (deontic) statements to determine their statuses, as discussed next.

4.3

Deontic labelling semantics

On the basis of an argumentation graph built from a backgrounded defeasible theory, we
can now look at semantics for (deontic) literal statements. By semantics, we mean labelling
semantics as put forward in the previous section so that acceptance labellings of (deontic)
literal statements are defined with respect to acceptance labellings of arguments in terms of
‘if, and only if’.
First, we have to note that, sometimes, imperatives are deemed to bear no truth values,
and thus no semantics in terms of truth values can be devised [27]. For instance, there is
no truth value in an imperative such as ‘Do not enter!’. Alternatively, however, we may
evaluate the acceptance of normative statements with respect to the normative system. For
example, we can evaluate whether an obligation holds in particular situation. We adopt such
an epistemic view in the rest of the paper by labelling arguments and statements.
To label deontic arguments and statements, we first resort to labelling semantics as previously exposed. Hence, given the argumentation graph built from a backgrounded defeasible
theory, arguments are labelled according to the grounded {IN, OUT, UND}-labelling semantics.
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Then, literal statements are labelled with statement acceptance labelling semantics. Such labellings are thus a straightforward application of standard labelling semantics corresponding
to some common sense reasoning.
As such, the labelling framework satisfies some intuitive properties pertaining to deontic
consistency. Let us first observe that if two arguments A and B have conflicting conclusions
and A is labelled IN then argument B is labelled OUT. Thus, for instance, if an IN-labelled
argument has an obligation Oγ or a permission Pγ for conclusion, then any argument whose
conclusion is a prohibition Fγ is labelled OUT.
Lemma 4.1. Let L be a grounded {IN, OUT, UND}-labelling of an argumentation graph G constructed from a permissive defeasible theory hRules, Conflicts, i, and A, B any arguments
in AG such that Conflicts(conc(A), conc(B)). If L(A) = IN then L(B) = OUT.
It follows that the bivalent {in, und, niund}-labelling and trivalent {in, und, niund}labelling semantics trivially imply that two conflicting deontic statements cannot be labelled
in: if a deontic statement is labelled in then any conflicting statement is labelled ni or niund
depending on the selected statement labelling semantics.
Proposition 4.1. Let L be a grounded {IN, OUT, UND}-labelling of an argumentation graph
constructed from a permissive defeasible theory T , and S a set of literal statements such
that S = {p, ¬p | p ∈ Prop(T )}.
• Let K be a bivalent {in, ni}-labelling of S and from {L}. For any γ ∈ S :
– if K(L, Oγ) = in then K(L, Oγ) = ni;
– if K(L, ¬Oγ) = in then K(L, Oγ) = ni;
– if K(L, Oγ) = in then K(L, ¬Oγ) = ni;
• Let K be a trivalent {in, und, niund}-labelling of S and from {L}. For any γ ∈ S :
– if K(L, Oγ) = in then K(L, Oγ) = niund;
– if K(L, ¬Oγ) = in then K(L, Oγ) = niund;
– if K(L, Oγ) = in then K(L, ¬Oγ) = niund.
Proof. Let us provide the proof for the first item only in the case of bivalent {in, ni}-labellings
(proofs for the other items follow the same structure). If K(L, Oγ) = in then there exists an
argument A ∈ AG such that conc(A) = Oγ and L(A) = IN. Two cases: Oγ is the conclusion
of an argument, or not. In the first case, by Lemma 4.1, for any argument B ∈ AG such
that conc(B) = Oγ, if L(A) = IN then L(B) = OUT, and thus K(L, Oγ) = ni. In the second
case, if Oγ is not the conclusion of any argument in AG , then K(L, Oγ) = ni. Therefore, if
K(L, Oγ) = in then K(L, Oγ) = ni.
We can also remark that if an obligation Oγ is labelled in then the implied permission
¬Oγ (i.e. Pγ) is also labelled in.
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Proposition 4.2. Let L be a grounded {IN, OUT, UND}-labelling of an argumentation graph
constructed from a permissive defeasible theory T , S a set of literal statements such that
S = {p, ¬p | p ∈ Prop(T )}, and K a bivalent {in, ni}-labelling or trivalent {in, und, niund}labelling of S and from {L}. For any γ ∈ S : if K(L, Oγ) = in then K(L, ¬Oγ) = in.
Proof. Given an argumentation graph G constructed from a permissive defeasible theory, if
K(L, Oγ) = in, then there exist an argument A ∈ AG and B ∈ AG such that conc(A) = Oϕ and
B : A ⇒d_γ Pγ. Let A ; ⊆ AG be the set of attackers of A, A ; ⊆ AG the set of arguments
attacked by A, and B ; ⊆ AG the set of attackers of B. We have that B ; ⊆ A ; ∪ A ; .
By Definition 3.12, if L(A) = IN then for any argument C ∈ A ; ∪ A ; L(C) = OUT.
Since B ; ⊆ A ; ∪ A ; , for any argument C ∈ B ; L(C) = OUT, and thus L(B) = IN.
Therefore, if L(A) = IN then L(B) = IN, and thus if K(L, Oγ) = in then K(L, Pγ) = in, i.e. if
K(L, Oγ) = in then K(L, ¬Oγ) = in.
Legal scholars, however, may argue that bivalent {in, ni}-labellings are not satisfactory. Such labellings are not legally satisfactory, because, given an argumentation graph
from any backgrounded defeasible theory, and though we have arguments supporting weak
permissions thanks to background rules, it may the case that all arguments are labelled
UND and consequently, using a bivalent {in, ni}-labelling, deontic statements Oγ, Fγ and
Pγ may be labelled ni, see Example 3. Such labelling outcomes of common sense appear
thus inappropriate to address normative completeness. For this reason, we discard bivalent
{in, ni}-labelling semantics and put forward trivalent {in, und, niund}-labelling to cater for
deontic reasoning and in particular normative completeness.
Example 3. Let us consider the following arguments, along with the associated argumentation graph and grounded {IN, OUT, UND}-labelling drawn in Figure 3.
O1 :
P1 :
W1 :

O1
∼ Fa

⇒r Oa
⇒d_a Pa
⇒k_a Pa

O2 :
P2 :
W2 :

O2
∼ F¬a

⇒r0 O¬a
⇒d_¬a P¬a
⇒k_¬a P¬a

First, a naive common sense bivalent reasoning can be captured by the acceptance bivalent {in, ni}-labelling h0,
/ {Oa, Pa, O¬a, ¬Pa}i . However, this bivalent labelling is problematic from a legal stance because statement a is here neither obligated, nor permitted
nor prohibited. To address this gap, we can employ a trivalent {in, und, niund}-labelling
h0,
/ {Oa, Pa, O¬a, ¬Pa}, 0i
/ according to which the deontic status of a is undecided.

More formally, the definition of normative gaps, as we may conceive it in terms of statement labellings, depends on whether bivalent {in, ni}-labellings or trivalent {in, und, niund}labellings are employed.
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P1

P2

UND
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O1

O2
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UND

W1

W2

Figure 3: Grounded {IN, OUT, UND}-labelling.
Definition 4.14. Let L be a grounded {IN, OUT, UND}-labelling of an argumentation graph
constructed from a permissive defeasible theory T , and the set of literal statements S =
{p, ¬p | p ∈ Prop(T )}.
• Let K denote a bivalent {in, ni}-labelling of S and from {L}. There is a {in, ni}-labelling
normative gap iff there exists a literal γ ∈ S such that
K(L, Oγ) = ni and K(L, Oγ) = ni and K(L, ¬Oγ) = ni.
• Let K 0 denote a trivalent {in, und, niund}-labelling of S and from {L}. There is a
{in, und, niund}-labelling normative gap iff there exists a literal γ ∈ S such that
K 0 (L, Oγ) = niund and K 0 (L, Oγ) = niund and K 0 (L, ¬Oγ) = niund.
As illustrated in Example 3, bivalent {in, ni}-labellings may lead to {in, ni}-labelling
normative gaps, whereas trivalent {in, und, niund}-labellings can address normative completeness. To understand why, we can first observe that any backgrounded defeasible theory
along with a trivalent labelling semantics lead to a third interpretation of the principle of
prohibition in terms of labelling: if something is not prohibited (the prohibition is labelled
niund) then it is permitted (the permission is labelled in).
Proposition 4.3. Let L be a grounded {IN, OUT, UND}-labelling of an argumentation graph
constructed from a permissive defeasible theory T , S a set of literal statements such that
S = {p, ¬p | p ∈ Prop(T )}, and K a trivalent {in, und, niund}-labelling of S and from
{L}. For any γ ∈ S : if K(L, Fγ) = niund then K(L, Pγ) = in.
Proof. Given an argumentation graph constructed from a permissive defeasible theory T ,
for any γ ∈ S = {p, ¬p | p ∈ Prop(T )}, there exists a unique argument W : ∼ Fγ ⇒k_γ Pγ
or (W : ⇒p_γ Pγ). All attackers of W are arguments whose conclusion is Fγ (i.e. Oγ).
If K(L, Oγ) = niund then all attackers of W are OUT, and thus W is labelled IN, and Pγ is
labelled in. i.e. K(L, ¬Oγ) = in. Therefore, if K(L, Fγ) = niund then K(L, Pγ) = in.
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On the basis of this interpretation in terms of labelling of the principle of prohibition, we
now can easily show that trivalent {in, und, niund}-labellings address normative completeness.
Theorem 4.1. Let L be a grounded {IN, OUT, UND}-labelling of an argumentation graph
constructed from a permissive defeasible theory T , S a set of literal statements such that
S = {p, ¬p | p ∈ Prop(T )}, and K a trivalent {in, und, niund}-labelling of S and from
{L}. For any γ ∈ S :
K(L, Oγ) 6= niund or K(L, Oγ) 6= niund or K(L, ¬Oγ) 6= niund.
Proof. There are three cases: 1. K(L, Oγ) = in, 2. K(L, Oγ) = und, and 3. K(L, Oγ) = niund.
In this last case, by Proposition 4.3, K(L, Pγ) = in, i.e. K(L, ¬Oγ) = in. Therefore in any
case, K(L, Oγ) 6= niund or K(L, Oγ) 6= niund or K(L, ¬Oγ) 6= niund.
Hence, trivalent {in, und, niund}-labellings address normative completeness by means
of the status ‘undecided’ for deontic statements. Eventually, we can remark that such cases
of undecidedness can be disentangled in various ways, typically by a competent authority,
e.g. a judge.
Above results hold for any permissive theory. Consequently, they hold for backgrounded
defeasible theory of any (foreground) defeasible theory with a permissive by default set of
background defeasible rule schemata, or with a Kelsenian permissive set of background
defeasible rule schemata. In general, it turns out that both sets yield the same trivalent
{in, und, niund}-labelling.
Theorem 4.2. Let
• T be a (foreground) defeasible theory;
• U be the backgrounded defeasible theory of T with a permissive by default set of background defeasible rule schemata;
• V be the backgrounded defeasible theory of T with a Kelsenian permissive set of background defeasible rule schemata;
• LU the grounded {IN, OUT, UND}-labelling of the argumentation graph constructed from
U;
• LV the grounded {IN, OUT, UND}-labelling of the argumentation graph constructed from V ;
• S a set of literal statements such that S = {p, ¬p | p ∈ Prop(T )}, and K a trivalent
{in, und, niund}-labelling of S and from {L}.
For any γ ∈ S :
K(LU , γ) = K(LV , γ) and K(LU , Oγ) = K(LV , Oγ) and K(LU , ¬Oγ) = K(LV , ¬Oγ).
Proof. Let GU (GV resp.) denote the argumentation graph constructed from U (V resp.).
Let f be the bijection such that f : AGU → AGV and f(A) = B iff
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• if A is of the form A : ⇒p_γ Pγ then B is of the form B : ∼ Fγ ⇒k_γ Pγ, and
• if A is of the form A : A1 , . . . An , ∼ ϕ1 , . . . , ∼ ϕm ⇒r ϕ (r 6= p_γ) then B is of the form
B : f(A1 ), . . . f(An ), ∼ ϕ1 , . . . , ∼ ϕm ⇒r ϕ.
In addition, (A, A0 ) ∈ ;GU iff (f(A), f(A0 )) ∈ ;GV , and thus (GU and GV are isomorphic
and) LU (A) = LV (f(A)). Then, as conc(A) = conc(f(A)), for any γ ∈ S : K(LU , γ) =
K(LV , γ), K(LU , Oγ) = K(LV , Oγ), and K(LU , ¬Oγ) = K(LV , ¬Oγ).

Hence, the adoption of the principle of prohibition ‘anything that is not prohibited is
permitted’ as a schema k_γ :∼ Oγ ⇒ Pγ or the use of a statement such as ‘anything is
permitted prima facie’ as a schema p_γ : ⇒ Pγ are two alternatives to cater for normative
completeness, and both alternatives actually lead to the same results in terms of statement
labellings.
Finally, concerning weak and strong permissions, the reification of doctrinal pieces into
defeasible theories blurs somewhat the distinction based on conventional definitions. For
example, a permission Pγ which is the conclusion of an IN-labelled argument W : ⇒p_γ Pγ
is necessarily labelled in. Consequently we may say that such a permission is derived from a
rule and thus, it is a strong permission by definition, whereas it is a weak permission from
its conception. For this reason, a third kind of permission may be introduced, which we
may call ‘doctrinal permission’, since such a doctrinal permission for something is derived
from the non-existence or rejection of its prohibition and on the basis of reified doctrinal
principles.

5

Illustration

To illustrate our system, let us reappraise the policy stating that it is forbidden to enter in a
park with a vehicle, unless there is an emergency. This policy and the assumptions may be
formalised in different ways. We illustrate our system with one option which is developed in
the remainder of the section.

5.1

Backgrounded defeasible theory

We assume that there is a vehicle at the entrance of the park, and that there may be an
emergency, maybe not (in the Hart-Fuller debate [19, 25], uncertainty was originally about
what can be classified as a vehicle). Let us capture this with the foreground defeasible theory
h{rv, re, re, r}, 0,
/ 0i
/ where
26

A D EONTIC A RGUMENTATION F RAMEWORK

rv
re
re
r:

⇒ vehi
⇒ emer
⇒ ¬emer
vehi, ∼ emer ⇒ Fenter

Let us adopt a Kelsenian permissive set of background defeasible rule schemata. The
foreground theories can be then backgrounded to yield a backgrounded theory featuring,
amongst others, background rules as exposed in Example 1.

5.2

Argument and argumentation graph construction

We can construct the following arguments from background rules:
W1 :
W2 :
W3 :

∼ Fvehi
∼ Femer
∼ Fenter

⇒k_vehi Pvehi
⇒k_emer Pemer
⇒k_enter Penter

W4 :
W5 :
W6 :

∼ F¬vehi
∼ F¬emer
∼ F¬enter

⇒k_¬vehi P¬vehi
⇒k_¬emer P¬emer
⇒k_¬enter P¬enter

In addition, we can build the following arguments from the foreground rules and rule
d_¬enter:
A1 :
A2 :
A3 :

A1, ∼ emer
A2

⇒rv
⇒r
⇒d_¬enter

vehi
Fenter
P¬enter

B1
C1

⇒re
⇒re

emer
¬emer

Consequently, we can form the argumentation graph G such that: AG = {A1, A2, A3,
B1, C1, W1, W2, W3, W4, W5, W6}, and ;G = {(B1, C1), (C1, B1), (B1, A2), (B1, A3),
(A2, W3)}, see Figure 4.
We can note that we have built arguments to support weak/doctrinal permissions, thus
we can argue and present full-fledged arguments about such permissions.

5.3

Argument and statement labellings

Let L1 denote the grounded {IN, OUT, UND}-labelling of argumentation graph G (as illustrated in Figure 4). Accordingly, we can lay the bivalent {in, ni}-labelling and trivalent
{in, und, niund}-labelling as in Table 1.
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UND
B1

UND
C1

UND
A3

UND
W3

IN
W6

UND
A2

IN
W2

IN
W5

IN
A1

IN
W1

IN
W4

Figure 4: Grounded {IN, OUT, UND}-labelling of argumentation graph G.

K(L1, ·)
K(L1, ·)

vehi
in
in

emer
ni
und

¬emer
ni
und

enter
ni
niund

¬enter
ni
niund

K(L1, ·)
K(L1, ·)

Ovehi
ni
niund

Oemer
ni
niund

O¬emer
ni
niund

Oenter
ni
niund

O¬enter
ni
und

K(L1, ·)
K(L1, ·)

Pvehi
in
in

Pemer
in
in

P¬emer
in
in

Penter
ni
und

P¬enter
in
in

Table 1: Bivalent {in, ni}-labelling and trivalent {in, und, niund}-labelling.
The {in, no}-bivalent labelling results into a normative gap (the statement enter is neither
obligatory nor prohibited nor permitted), whereas the trivalent {in, und, niund}-labelling fills
the gap by labelling the permission to enter as undecided.

5.4

Violation and contrary-to-duty obligation

Let us extend the illustration with the formalisation of a violation and a contrary-to-duty
obligation. Contrary-to-duty obligations can be a pitfall for deontic formalisms which
have a more sophisticated conception of deontic modalities [13, 35], and we would like to
illustrate how such obligations can be handled in our argumentation formalism within our
KB approach.
Let us suppose that the park policy also states that a violation of the prohibition would
be sanctioned by a fine (the amount does not matter for our purposes). To capture such a
policy, we can add the following rules.
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v:
f:

Fenter, enter ⇒ violation
violation ⇒ fine

v0 :
f0 :

⇒ ¬violation
⇒ ¬fine

such that v  v0 and f  f 0 . Rules v0 and f 0 specify that, by default, we can derive that there is
neither violation nor fine, unless the contrary is shown.
Furthermore, a new park management can add a contrary-to-duty obligation: if the
prohibition is violated then one should stop driving in the park. We can thus add the
following rule.
s:

violation ⇒ Ostop

A sequence of compensatory obligations can be added along similar lines. Eventually, we
also assume that the vehicle enters in the park:
e:

⇒ enter

Let L2 denote the grounded {IN, OUT, UND}-labelling of the implied argumentation graph.
The acceptance {in, no}-bivalent labelling and trivalent {in, und, niund}-labelling of new
statements are exposed in Table 2.

K(L2, ·)
K(L2, ·)

violation
ni
und

¬violation
ni
und

fine
ni
und

¬fine
ni
und

stop
ni
niund

¬stop
ni
niund

K(L2, ·)
K(L2, ·)

Oviolation
ni
niund

O¬violation
ni
niund

Ofine
ni
niund

O¬fine
ni
niund

Ostop
ni
und

O¬stop
ni
niund

K(L2, ·)
K(L2, ·)

Pviolation
in
in

P¬violation
in
in

Pfine
in
in

P¬fine
in
in

Pstop
in
in

P¬stop
ni
und

Table 2: Bivalent {in, ni}-labelling and trivalent {in, und, niund}-labelling.
Again, we can see that the {in, no}-bivalent labelling leads to a normative gap (¬stop
is neither obligatory nor prohibited nor permitted), whereas the trivalent {in, und, niund}labelling fills the gap by labelling the permission to not stop (i.e. the permission to drive
through the park) as undecided.
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6

Some Design Evaluation

Let us briefly discuss to what extent the framework meets the design considerations given in
Section 2, that is, considerations on human interface (explainability, emulation, isomorphism),
and inference (parsimony, modularity and computational efficiency), and a legit requirement
regarding normative completeness.
Explainability An argumentation framework can inherently ease explanations of acceptance statuses of statements by presenting relevant arguments. The acceptance labelling of
arguments is then exposed by the grounded labelling, possibly through a relatively simple
algorithm (Algorithm 1) and resulting appealing graphical representations. A distinctive
feature of the proposed system is that arguments can be built in support or against permissions
and in particular weak/doctrinal permissions.
Emulation The system emulates the way humans argue about norms to the extent that
modus ponens is endorsed as a natural reasoning step to build arguments, that attacks
amongst arguments are meaningful, and that the sequential multi-labelling model featuring
argument and argumentation graph production, argument acceptance/justification, statement
acceptance/justification reflects a well-ordered reasoning based on arguments. Beyond that,
emulation is further met in that the proposal employs the grounded semantics for which there
exist simple dialogical argument games, see e.g. [12, 36, 38], in which full-fledged arguments
supporting weak/doctrinal permissions can be put forward.
Isomorphism The system allows an isomorphic representation of normative systems as long
as norms can be isomorphically represented by (foreground) defeasible rules. In that regard,
we have proposed to have both the ‘unless’ conjunction (∼) and a superiority relation over
rules to get more flexibility to represent norms, thereby yielding a fine-grained expressiveness
(as illustrated in Section 5). Furthermore, background rules can be viewed isomorphic to
some (possibly very basic) deontic doctrine. The system can be critised too. For example,
criminal codes usually do not hold norms with explicit expressions of conditional prohibitions:
they usually directly express sanctions with regard to certain conducts, while our system
would typically require the expression of prohibitions for automated reasoning.
Parsimony Parsimony can be evaluated at the levels of the inference machiney and knowledge representation. At the level of knowledge representation, parsimony is affected in that
core deontic reasoning have been captured by background rules, conflicts and superiority
relation to background theories. Deontic reasoning is also captured at the level of statement
labellings to address normative gaps, without any impacts on the knowledge representation.
At the inference level, the system is parsimonious in that arguments are built with defeasible
rules and factual detachment only. Of course, other constructs such as strict rules, ‘defeaters’
or facts might bring a gain of expressiveness to the framework; the evaluation of such gain is
left to further investigations. The system is also parsimonious in that argument acceptance
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and justification stages coincide, essentially because grounded {IN, OUT, UND}-labelling is
utilised. Importantly, parsimony was required to ease combination with other developments
in argumentation. In that respect, the setting can be straightforwardly subject to probabilistic
enhancements through, for example, probabilistic labellings, and thus machine learning
endeavours, see e.g. [42, 43].
Modularity The modularity of the system is largely based on (the instantiation of) the
multi-labelling model for argumentation. At a theoretical level, we can use variants in
argument and statement labelling semantics, as evidenced by our use of bivalent and trivalent
labellings. At a more practical level, as the multi-labelling model supports a separation of
concerns corresponding to different stages of the argumentation process, we can decompose
an ‘argument-based software system’ into well-defined independent modules, for example
by developing a module for each labelling stage, thereby easing verification, validation and
maintenance of such a system.
Efficiency Concerning computationtal complexity, the reason to focus on the grounded
{IN, OUT, UND}-labelling is that it is unique and it can be computed in a polynomial time,
see Algorithm 1. Once the grounded {IN, OUT, UND}-labelling is computed, one can trivially
compute any acceptance trivalent {in, und, niund}-labellings and other statement labellings.
Hence given the argumentation graph built from a permissive defeasible theory, the overall
time complexity to compute the labelling over a set of statements is polynomial. However,
as previously mentioned, the number of arguments in an argumentation graph constructed
from a defeasible theory may not be polynomial in the number of rules of the theory. If
we focus on those theories from which argumentation graphs can be constructed efficiently,
then argumentation graphs construction, argument labellings and statement labellings can be
achieved efficiently, and thus the overall system is efficient in such cases.
Completeness Normative completeness has been primarily addressed by endorsing the
principle of prohibition. The principle has been interpreted in three different ways. First,
an interpretation has been given as a blunt syntactical equivalence between ¬Oγ and Pγ
(Notation 4.1). Second, the principle has been read as a background rule k_γ : ∼ Oγ ⇒ Pγ.
Finally, the principle has been interpreted in terms of statement labellings (Proposition 4.3).
As bivalent statement labellings are not sufficient to obtain normative completeness through
the principle, we have supplemented it with a trivalent labelling semantics to deal with cases
of undecidedness. Eventually, we have to note that the principle is shared by various legal
systems, however the way completeness is resolved depends much on the considered legal
system.
This brief evaluation is inherently partial as it is limited to the elicited requirements, see
e.g. [18] for some formal issues. A more complete evaluation is left to future investigations,
possibly in light of comparison with related implementations. An overview of related work
is given next.
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7

Related Work

There exists an increasing amount of work to capture normative reasoning through argumentation or non-monotonic frameworks akin to argumentation, see [10] for a systematic account
of legal reasoning and argumentation from a logical, philosophical and legal perspective. Let
us focus on some formal works related to our undertaking,
ASPIC+ argumentation framework has first been exploited to express arguments about
norms as the application of argument schemes to knowledge bases of facts and norms
[39]. However, in [39], norms are expressed without any deontic operators for specifying
obligations, permissions and prohibitions. The work was thereupon reappraised by L. van der
Torre and S. Villata in [48] to integrate deontic modalities, by adopting input/output logic [34]
for the analysis. Despite appearances, there are many differences with our undertaking: the
most obvious are briefly exposed here. Conditional obligations and conditional permissions
are represented by rules of the form L1 ∧ . . . ∧ Ln ; OL and L1 , . . . , Ln ; ¬OL respectively,
where L’s are literals. Thus, obligations and permissions do not appear in the antecedents
of norms. Moreover, the system in [48] does not deal with weak permissions. Furthermore,
the conjunction ‘unless’ (∼) is not used in conditionals. Eventually, neither argument nor
statement labelling semantics are specified in [48], though such semantics could be easily
integrated in the system.
In another line of research, Beirlaen et al. presents in [6] a formal argumentation system
for dealing with the detachment of prioritised conditional obligations and permissions.
To do so, Beirlaen et al. devise an argumentation framework where arguments are proof
sequences, and they employ Dung’s grounded semantics to determine accepted arguments.
Again, there are many differences with our work, we expose the most obvious here. A first
difference concerns the language. In [6], the language pertains to a modal extension of
propositional classical logic, whereas our language is restricted to literals supplemented
by deontic operators. Conditional obligations and conditional permissions are denoted by
formulas A ⇒O B and A ⇒P B respectively, where A and B are propositional formulas.
Consequently, neither obligations nor permissions can appear in the antecedents of norms
in [6]. Moreover, conditionals in [6] do not cater for the conjunction ‘unless’ as we do. Then,
a major difference holds in that conditional obligations and conditional permissions in [6]
are associated with a degree of priority, which is taken into account to define defeats between
arguments. In our work, conditionals are directly prioritised through a superiority relation.
Beirlaen et al. focus on extension-based grounded semantics, whereas we employ grounded
labelling semantics to obtain more refined argument labellings which allow us to implement
trivalent statement labellings. Computation complexity is not considered in [6], whereas we
have restricted our framework on labellings possibly computed with efficient algorithms.
Another endeavour in defeasible normative reasoning rests on variants of Defeasible
Logic (DL), see e.g. [23, 24]. The work includes rich deontic constructs such as temporal
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deontic modalities and sequence of compensatory obligations. However, DL is not without
weaknesses. For example, DL features strict rules, but does not satisfy closure under strict
rules [11]. In that regard, our work solves the issue by simply discarding strict rules. DL
also features so-called ‘defeaters’, i.e. rules which cannot be used in arguments supporting a
conclusion, and it can be challenging to find succinct counterparts in natural languages for
such defeaters. Isomorphism can thus be questioned in DL. Compared to the work reported
here, a major difference holds in that DL variants capture legal reasoning patterns in proof
theories and thus at the inference level. In that regard, we can say that the loss of parsimony at
the knowledge representation level in the framework reported here has been compensated by
a gain of parsimony at the inference model. Concerning semantics, a substantial difference
with our work holds in that there is no ‘undecided’ status to tag statements. For example, if a
defeasible theory comprises two rules r : ⇒O c and s : ⇒O ¬c (capturing that c and ¬c
are both obligatory) with no superiority relations and no facts, then the deontic development
of DL in [22] does not tag the obligations of c and ¬c as undecided but tags c and ¬c as not
obligatory (−∂O c and −∂O ¬c), and eventually it derives c and ¬c as permitted (+∂P c and
+∂P ¬c). However, such tagging would be inappropriate in applications where permissions
are not entailed from conflicting obligations. Eventually, argumentation semantics exist for
DL [21, 30] (with no status for ‘undecidedness’) but no counterparts have been developed for
deontic variants.
In comparison to the above-mentioned works, substantial differences hold in that we
have reified doctrinal prices to build our deontic rule-based argumentation system. We have
shown that standard bivalent statement labelling semantics fall short to deal with normative
completeness, and we have proposed a trivalent statement labelling semantics to address this
point.

8

Conclusion

A deontic rule-based argumentation system has been devised to represent and reason upon
conditional norms featuring obligations, prohibitions and (strong or weak) permissions. To
do so, we have proposed the use of defeasible rule schemata to the greatest extent to capture
deontic patterns. By doing so, we could straighforwardly adopt a common model consisting of three stages [4], namely argument and argumentation graph production, argument
acceptance/justification and statement acceptance/justification. More specifically, given an
argumentation graph, we have proposed to label arguments using grounded {IN, OUT, UND}labelling semantics, and given the grounded {IN, OUT, UND}-labelling of the graph then we
have proposed to simply label (deontic) statements using a trivalent labelling semantics.
We have learnt that it is possible to build deontic argumentation frameworks capturing
conditional norms on the basis of common constructs from the literature on argumentation.
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In particular, the system uses (two possible sets of) inference rule schemata, and only one
single (implicit) inference rule, namely (defeasible) modus ponens. In this setting, we
have learnt that a standard bivalent labelling may appear insufficient to cover aspects of
normative completeness, and that this issue can be addressed by using a trivalent labelling.
Through our KB approach, we have retrieved three possible interpretations of the principle
of prohibition: as a syntactical equivalence, as a defeasible rule, and as a proposition on
the labelling of deontic statement labellings. We have also shown that the adoption of the
principle of prohibition ‘anything that is not prohibited is permitted’ as a schema or the use of
a statement such as ‘anything is permitted prima facie’ as another schema are two alternatives
to address normative completeness, and both alternatives actually lead to the same results
in terms of statement labellings. Eventually, concerning weak and strong permissions, the
reification of doctrinal pieces into defeasible theories blurs somewhat the distinction based
on conventional definitions. We have thus introduced a third kind of permission, called
doctrinal permission: a doctrinal permission for something is derived from the non-existence
or rejection of its prohibition and on the basis of reified doctrinal principles.
Multiple developments are possible. Firstly, the principle of prohibition is not applicable
in any normative system. Consequently, the framework can be further developed where
the principle cannot/should not be applied. Secondly, in order to enrich the framework,
other normative constructs and reasoning patterns may be integrated to build arguments, and
labelling variants can be explored. Finally, the system is meant to be combined with other
developments in argumentation, ranging from probabilistic argumentation to argumentation
in (normative) multi-agent systems.
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